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I. INTRODUCTION
A study of electromagnetic properties of hadrons plays a crucial role in understanding
their inner structure. The magnetic moments are one of the fundamental characteristics
of hadrons. The magnetic moments of hadrons are related to their magnetic form factors;
more precisely, the magnetic moment is equal to the magnetic form factor at zero momentum
square. The magnetic moments of the mesons have not received much interest compared
to the baryons except ρ-meson, which have been intensively studied in the literature within
different approaches [1–11]. The magnetic moments ofK∗ mesons have also been investigated
in several works [1–3, 5, 6, 9, 10]. On the other hand, the magnetic moments of heavy
mesons have been calculated only in few works [10, 12, 13]. In the face of this situation,
it is timely to study the magnetic moments of heavy vector and axial-vector mesons. It
is challenging to measure the magnetic moments of the vector mesons directly since their
lifetimes are very short. Even though the indirect measurement is possible [14], however,
it has large uncertainty. It should be noted that with the help of the magnetic dipole
transitions M1, in which there exists many experimental data, it is possible to determine
the transition magnetic moments of heavy mesons. There are lots of theoretical works,
such as quark model [15, 16], non-relativistic QCD [17] the quark potential model [18–21],
various relativistic models, the bag model [22–24], the light front model [25–27], the Bethe-
Salpeter equation [28, 29], QCD sum rules [30–38], lattice QCD [39, 40], chiral model [41–45],
Nambu-Jona-Lasino model, the dispersion approach, etc. devoted to this subject.
In present work, we calculate the magnetic moments of heavy vector and axial-vector
mesons within light cone QCD sum rules (LCSR) [46]. The calculation of the multipole
moments for the axial-vector mesons is performed for the first time.
The paper is organized as follows. In section II, we construct the LCSR for multipole
moments of heavy vector and axial-vector mesons. The following section is devoted to the
numerical analysis of the sum rules for the multipole moments of heavy vector and axial-
vector mesons. In this section, the obtained results are also compared with predictions of
other approaches in the literature. The last section contains a summary and discussions.
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II. LIGHT CONE SUM RULES FOR MULTIPOLE MOMENTS
The LCSR for multipole moments of vector (axial-vector) heavy mesons can be obtained
by considering the following correlation function
Πµαν = i2
∫
d4x
∫
d4yeipx+iqy〈0|T{Jµ(x)jαel(y)J
ν†(0)}|0〉, (1)
where Jµ(x) = q¯a(x)γµQ
a(x) is the interpolating current with the quantum numbers of a
heavy vector meson and a is the color index. The interpolating current for axial-vector
mesons can be obtained from Jµ(x) with simple replacement γµ → γµγ5. The current
jαel(y) = eq q¯γ
αq + eQQ¯γ
αQ is the electromagnetic current, eq and eQ are the electric charges
of the light and heavy mesons, respectively.
The general strategy of QCD sum rules is that the correlation function has to be calculated
in different kinematical domains. In one domain, it is saturated by the corresponding heavy
vector (axial-vector) mesons, i.e. p2 ≃ m2VQ (m
2
AQ
)(hadronic part). In the other domain,
where p2 ≪ 0, (p + q)2 ≪ 0, the calculation is performed by using the operator product
expansion (OPE) in terms of the photon distribution amplitudes (DA’s) with an increasing
twist. Matching the results of these representations, one can get the desired sum rules for
the relevant physical quantities.
The hadronic part of the correlation function can be obtained by inserting a complete set
of states carrying the same quantum numbers of the interpolating currents. Isolating the
ground state vector mesons, we have
Πµνα(p, q) =
〈0|Jµ|i(p)〉〈i(p)|j
el
α (y)|f(p
′)〉〈f(p′)|J+ν |0〉+ ...
(p2 −m2i )(p
′2 −m2i )
. (2)
The matrix element 〈0|Jµ|i(p)〉 in Eq. (2) is defined as
〈0|Jµ|i(p)〉 = fimiǫµ , (3)
where fi is the leptonic decay constant of the corresponding heavy vector mesons and ǫµ is
its polarization vector. Using the parity and time-reversal invariance of the electromagnetic
interaction the matrix element of the electromagnetic current between two vector (axial-
vector) mesons is described in terms of three form-factors as [47] :
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〈f(p′, ǫ′)|jelα |i(p, ǫ
r)〉 =− (ǫr)ρ(ǫr
′
)β×{
G1(Q
2)gρβ(p
′ + p)α +G2(Q
2)(qρgαβ − qβgαρ) +
G3(Q
2)
2m2i
qρqβ(p+ p
′)α
}
,
(4)
where Gi are the form factors and Q
2 = −q2. The form factors Gi(Q
2) are related to charge,
magnetic and quadrupole multipole form factors in the following way [47]
Fc(Q
2) = G(Q2) +
2
3
ηFD(Q
2),
FM(Q
2) = G2(Q
2),
FD(Q
2) = G1(Q
2)−G2(Q
2) + (1 + η)G3(Q
2),
(5)
where η = Q2/4m2i , FC(Q
2), FM(Q
2) and FD(Q
2) are the charge, magnetic and quadrupole
form factors, respectively. The value of Fc(Q
2), FM(Q
2), and FD(Q
2) at Q2 = −q2 = 0 point
gives the charge, magnetic moment µ and quadrupole moment D of the vector (axial-vector)
mesons.
Substituting Eqs. (3), (4) and (5) into Eq. (2), and performing summation over the spins
of vector mesons for the hadronic part of the correlation function, we get
Πµανǫ
α
γ = f
2
i m
2
i
ǫαγ
(m2i − p
2)(m2i − (p+ q)
2)
×{
2Fc(0)pα(gµν −
pµpν
m2i
−
pµqν
m2i
)
+ FM(0)
[
qµgνα − qνgµα −
pα
m2i
(pµqν − pνqµ)
]
−
[
Fc(0) + FD(0)
] pα
m2i
qνqµ
}
,
(6)
where ǫγ is the photon polarization vector. To derive this expression, the transversality
condition qǫ = 0 is used.
Now let us turn our attention to the calculation of Eq.(1) from the OPE side. By
introducing the electromagnetic background field of a plane wave
Fµν = i(e
γ
νqµ − e
γ
µqν)e
iqx , (7)
the correlation function can be written in the following way;
Πµανǫ
α
γ = i
∫
d4xeipx〈0|T{Jµ(x)J
+
ν (0)}|0〉F . (8)
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In this expression, subscript F means that the vacuum expectation value is evaluated
in the presence of the background field Fµν . The correlation function given in Eq. (1) can
be obtained from Eq. (8) by expanding it in linear powers of Fµν . More details about the
background field method is given in two excellent reviews [48, 49].
Using the explicit expressions of the interpolating currents and applying the Wick theorem
for the correlation function, we obtain
Πµανǫ
α
γ = i
∫
d4xeipx〈0|SQ(x)γµS(−x)γν |0〉F . (9)
From this expression, it follows that to calculate the correlation function in the deep Eu-
clidean domain, it is necessary to know the explicit expressions of the light and heavy quark
propagators in the presence of the background gluonic and electromagnetic fields. The
expressions of these propagators are obtained in [50, 51].
S(x) =
i/x
2π2x4
−
mq
4π2x2
−
igs
16π2x2
∫ 1
0
du
{
u¯/xσαβ + uσαβ/x
}
Gαβ(ux)
−ieq
16π2x2
∫ 1
0
du
{
u¯/xσαβ + uσαβ/x
}
F αβ(ux)
− igs
∫ 1
0
du{−
imq
32π2
Gµν(ux)σ
µν ln (−
x2Λ2
u
+ 2γE)}
− ieq
∫ 1
0
du{−
imq
32π2
Fµν(ux)σ
µν ln (−
x2Λ2
u
+ 2γE)}
(10)
SQ(x) =
∫
d4k
2π4i
e−ikx
/k +mQ
m2Q − k
2
− igs
∫
d4k
2π4i
e−ikx
∫ 1
0
du
{ /k +mQ
2(m2Q − k
2)2
Gαβσαβ +
uxα
m2Q − k
2
Gαβ(ux)γβ
}
− ieQ
∫
d4k
2π4i
e−ikx
∫ 1
0
du
{ /k +mQ
2(m2Q − k
2)
F αβ(ux)σαβ +
uxα
m2Q − k
2
F αβγβ
}
(11)
where u¯ = 1−u, Λ = (0.5±0.1) GeV [52], is the scale parameter separating the perturbative
and nonperturbative domains, and γE = 0.577 is the Euler constant. Note that the four
quark particle q¯qq¯q and q¯G2q operators contributions are small and is not presented in
Eq. 10 [50, 53].
In light-cone sum rules, the nonperturbative contribution appears when a photon is emit-
ted at long distances. To obtain these contributions, it is necessary to expand the quark
propagator near the light cone x2 = 0. In this case, the following matrix elements of non-local
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operators in the presence of the external background field needs to be evaluated
〈0|q¯(x)Γq(0)|0〉F ,
〈0|q¯(x)ΓGαβq(0)|0〉F ,
〈0|q¯(x)ΓFµνq(0)|0〉F ,
(12)
where Γ is arbitrary Dirac matrices. These matrix elements are described by photon dis-
tribution amplitudes, which were determined in [49] and presented in Appendix A for com-
pleteness.
From Eq. (6), it follows that we have numerous structures which can be used to calculate
the magnetic and quadrupole moments of heavy vector (axial vector) mesons. We adopt the
structures (pǫ)pµpν , (pǫ)pνqµ to determine Fc(0), FM(0), and Fc(0) + FD(0). The Choice of
these structures is dictated by the fact that they contain the maximal number of momenta,
which exhibits good convergence in general. The theoretical part of the correlation function
can be obtained from Eq.(9) by substituting the explicit expressions of the heavy and light
quark propagators and the photon DAs. Performing integration over x, the expression of
the correlation function in the momentum representation can be obtained. Matching these
two expressions of the correlation function via dispersion relation and performing doubly
Borel transformations on the −p2 and −(p + q)2 in order to suppress the contributions of
higher states and continuum, we get the desired sum rules for the multipole form factors.
Note that the higher states contributions are taken into account by using the quark-hadron
duality ansatz.
In result, we get the following sum rules for the charge Fc(0), magnetic moment FM(0)
and the sum of charge and quadrupole moment form factors at Q2 = 0 point
Fc(0) = −
1
2f 2i
em
2
i /M
2
Π
(±)
1 ,
FM(0) = −
1
f 2i
em
2
i /M
2
Π
(±)
2 ,
Fc(0) + FD(0) = −
1
f 2i
em
2
i /M
2
Π
(±)
3 .
(13)
Explicit expressions of Π
(±)
1 , Π
(±)
2 , and Π
(±)
3 are presented in Appendix B. The upper (lower)
sign corresponds to vector (axial-vector) mesons. Moreover, we denote D1 and Ds1 axial-
vector mesons with mass 2420 MeV and 2460 MeV, respecctively.
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III. NUMERICAL ANALYSIS
This section is devoted to the numerical analysis of the sum rules for the multipole
moments of the heavy vector (axial-vector mesons). The values of the input parameters
entering the sum rules are presented in Table I. In this study, we use theMS mass,mc (mc) =
〈q¯q〉(1 GeV ) (−0.246+0.028−0.019)
3 GeV 3 [54]
〈s¯s〉(1 GeV ) 0.8× 〈q¯q〉 [54]
m20 (0.8± 0.2) GeV
2 [55]
ms(2 GeV ) (96
+8
−4 × 10
−3) GeV [56]
fD∗ (0.263 ± 0.021) GeV [57]
fD∗s (0.308 ± 0.021) GeV [57]
fB∗
(
0.196+0.028−0.027
)
GeV [57]
fB∗s (0.255 ± 0.019) GeV [57]
fD1 (0.332 ± 0.018 ) GeV [57]
fDs1 (0.245 ± 0.017) GeV [57]
fB1 (0.335 ± 0.018) GeV [57]
fBs1 (0.348 ± 0.018) GeV [57]
χ(1 GeV ) −(2.85 ± 0.5) GeV −2 [48]
f3γ −0.0039 GeV
−2 [49]
TABLE I. The values of the input parameters.
(1.275±0.035 GeV), mb (mb) = (4.18±0.03 GeV) and take into account the scale dependence
of the MS masses coming from renormalization group equation
mb(µ) = mb(mb)
( αs(µ)
αs(mb)
)12/23
,
mc(µ) = mc(mc)
( αs(µ)
αs(mc)
)12/25
.
(14)
Besides the input parameters that are presented in Tables I, sum rules contain two more
extra parameters, namely, the continuum threshold s0 and the Borel mass parameter M
2.
The domain of M2 is determined by demanding the standard criteria, namely, both power
corrections and continuum contributions should be sufficiently suppressed. The continuum
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Mesons M2 (GeV2) s0 (GeV
2)
B∗ (11 ± 3) (35± 1)
B∗s (12 ± 3) (37± 1)
B1 (13 ± 2) (42± 1)
Bs1 (14 ± 3) (43± 1)
D∗ (4.5 ± 1.5) (6.5 ± 0.5)
D∗s (4.5 ± 1.5) (7.5 ± 0.5)
D1 (5± 2) (8.5 ± 0.5)
Ds1 (5± 2) (9.5 ± 0.5)
TABLE II. Working region of M2 and s0 parameters are shown.
threshold is determined from the condition that the sum rules should reproduce the mass
of the ground state mass with 10% accuracy. These conditions are fulfilled in the regions
of M2, and s0 presented in Table II. Having specified all input parameters, we are ready to
calculate the numerical values of the magnetic and quadrupole moments, i.e. corresponding
form-factors at q2 = 0 point of all considered vector and axial-vector mesons.
In Fig. 1 and Fig. 2, we presented the dependency of FD
∗+
M and F
B∗+
M on M
2 at two fixed
values of continuum threshold, respectively, for illustration. From these figures, we observe
good stability of FD
∗+
M and F
B∗+
M to the variation ofM
2. In Fig. 3, we depict the dependence
of FD
∗+
C + F
D∗+
D on M
2 at two fixed values of s0. Similar to the magnetic momentum case
FM(0), the F
D∗+
C +F
D∗+
D shows weak dependency to the variation ofM
2. Performing similar
calculations for all vector and axial vector mesons considered, we get the values of FM(0)
and FD(0) presented in Table III and IV, respectively.
The uncertainties result from the variation of Borel parameter M2, continuum thresh-
old s0 as well as from uncertainties in input parameters. All uncertainties are taken
quadratically. Moreover, for completeness, in Table III, we also present the predictions
on the magnetic moment obtained from non-relativistic quark model [54], Nambu-Jona-
Lasino model [10], bag model [12] expanded bag model [58], and chiral perturbation theory
(ChPT) [59].
We see that the values of the magnetic moments of D∗+ and D∗+s predicted by the light
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Particle Our NJL NR Bag Extended-Bag ChPT
[10] [56] [12] [58] [59]
D∗0 (0.30 ± 0.04) · · · −1.47 −0.89 −1.28 1.48+0.22−0.38
D∗+ (1.16 ± 0.08) 1.16 1.32 1.17 1.13 1.62+0.24−0.08
D∗s (1.00 ± 0.14) 0.98 1.00 1.03 0.93 0.69
+0.22
−0.10
B∗+ (0.90 ± 0.19) 1.47 1.92 1.54 1.56 1.77+0.25−0.30
B∗0 −(0.21 ± 0.04) · · · −0.87 −0.64 −0.69 −0.92+0.15−0.11
B∗s −(0.17 ± 0.02) · · · −0.55 −0.47 −0.51 −0.27
+0.13
−0.10
D01 (0.18 ± 0.04) · · · · · · · · · · · · · · ·
D+1 (0.90 ± 0.08) · · · · · · · · · · · · · · ·
Ds1 (0.87 ± 0.08) · · · · · · · · · · · · · · ·
B01 (0.14 ± 0.08) · · · · · · · · · · · · · · ·
B+1 (0.60 ± 0.07) · · · · · · · · · · · · · · ·
Bs1 (0.13 ± 0.09) · · · · · · · · · · · · · · ·
TABLE III. Magnetic moments (in nuclear magneton) of heavy vector and axial vector mesons.
cone sum rules framework are in good agreement with the other approaches. Once the
uncertainties are taken into account, our result on B∗0s magnetic moment is compatible with
the prediction of the chiral perturbation theory.
SU(3) symmetry dictates that, the magnetic moments of D∗+, D+s , B
∗0, B0s ,Ds1, D
+
1 , B
0
1 ,
and B0s1 should be very close to each other. Our predictions for the magnetic moments of
these mesons are in good agreement within SU(3) symmetry expectations. The violation of
SU(3) symmetry is about maximum 20%. The violation of SU(3) symmetry is due to the
mass of strange quark, the different values of quark condensates for u, d, and s quarks as well
as the values of the leptonic decay constants. However, predicitions of chiral perturbation
theory [59] leads huge (4-times) violation of SU(3) symmetry which seems highly unnatural.
The difference between our predictions with the other approaches on the magnetic mo-
ments can be explained as follows. The main contribution to the magnetic moments in
light-cone sum rules results from the perturbative part of the spectral density. The pertur-
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FD (in e/m
2
i unit)
D∗0 (0.25 ± 0.05)
D∗+ −(0.64 ± 0.02)
D∗s −(0.60 ± 0.02)
B∗+ −(0.80 ± 0.10)
B∗0 −(0.20 ± 0.03)
B∗0s −(0.17 ± 0.03)
D01 (0.18 ± 0.02)
D+1 −(0.60 ± 0.02)
Ds1 −(0.59 ± 0.02)
B01 −(0.12 ± 0.02)
B+1 −(0.78 ± 0.02)
Bs1 −(0.10 ± 0.02)
TABLE IV. The quadrupole moments of heavy vector and axial vector mesons are depicted in
natural units.
bative part schematically can be written as
(eQ − eq)A+ eQB (15)
where numerically A is larger than B. In the charged meson case, eQ − eq is equal to one
and for this reason magnetic moment is quite large. However, for the neutral meson case,
eQ−eq = 0, and hence, the magnetic moment is rather small. Our last remark to this section
is as follows. To increase the precision of our calculations, the next-to-leading order (NLO)
QCD corrections to the correlation functions should be taken into account. In addition, the
same order of NLO corrections should be included for the calculation of the leptonic decay
constants. However, since the expressions for considered multipole moments depend on the
ratio of these two factors, it is expected that our findings may not be changed considerably.
Finally, we would like to emphasize that the magnetic moments of axial-vector heavy
mesons are calculated first time to our knowledge. It would be interesting to have results
within other approaches for the magnetic moments of these mesons.
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FIG. 1. The dependency of the magnetic moment of D∗+ meson on M2 at two fixed values of s0.
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FIG. 2. The same as in Fig.1, but for B∗+ meson.
IV. CONCLUSION
The magnetic and quadrupole moments of vector and axial-vector mesons containing
heavy quark are estimated within the light cone QCD sum rules framework by using photon
distribution amplitudes. The magnetic moments of axial-vector mesons are estimated for the
first time. Moreover, we compared our predictions on magnetic moments with the results
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obtained from other approaches. Our findings agree with the results of other methods
for D∗+ and D∗s mesons. Besides, our predictions for the magnetic moments of D
∗+, D+s ,
B∗0, B0s ,Ds1, D
+
1 , B
0
1 , and B
0
s1 mesons are consistent with SU(3) symmetry expectations.
However, chiral perturbation theory predicts huge SU(3) symmetry breaking (about four
times), which is bizarre. The calculation of these magnetic moments for the axial-vector
mesons within other approaches can be very useful for understanding the inner structure of
heavy mesons.
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Appendix A: Photon Distribution Amplitudes
In this appendix, we present the matrix element of non-local operators in terms of photon
distribution amplitudes (DAs) and their explicit expressions.
〈γ(q)|q¯(x)σµνq(0)|0〉 = −ieq〈q¯q〉(εµqν − ενqµ)
∫ 1
0
dueiu¯qx
(
χϕγ(u) +
x2
16
A(u)
)
−
i
2(qx)
eq〈q¯q〉
[
xν
(
εµ − qµ
εx
qx
)
− xµ
(
εν − qν
εx
qx
)]
×
∫ 1
0
dueiu¯qxhγ(u)
〈γ(q)|q¯(x)γµq(0)|0〉 = eqf3γ
(
εµ − qµ
εx
qx
)∫ 1
0
dueiu¯qxψv(u)
〈γ(q)|q¯(x)γµγ5q(0)|0〉 = −
1
4
eqf3γǫµναβε
νqαxβ
∫ 1
0
dueiu¯qxψa(u)
〈γ(q)|q¯(x)gsGµν(vx)q(0)|0〉 = −ieq〈q¯q〉
(
εµqν − ενqµ
)∫
Dαie
i(αq¯+vαg)qxS(αi)
〈
γ(q)|q¯(x)gsG˜µνiγ5(vx)q(0)|0
〉
= −ieq〈q¯q〉
(
εµqν − ενqµ
)∫
Dαie
i(αq¯+vαg)qxS˜(αi)〈
γ(q)|q¯(x)gsG˜µν(vx)γαγ5q(0)|0
〉
= eqf3γqα(εµqν − ενqµ)
∫
Dαie
i(αq¯+vαg)qxA(αi)
〈γ(q)|q¯(x)gsGµν(vx)iγαq(0)|0〉 = eqf3γqα(εµqν − ενqµ)
∫
Dαie
i(αq¯+vαg)qxV(αi)
13
〈γ(q)|q¯(x)σαβgsGµν(vx)q(0)|0〉 = eq〈q¯q〉
{[(
εµ − qµ
εx
qx
)(
gαν −
1
qx
(qαxν + qνxα)
)
qβ
−
(
εµ − qµ
εx
qx
)(
gβν −
1
qx
(qβxν + qνxβ)
)
qα
−
(
εν − qν
εx
qx
)(
gαµ −
1
qx
(qαxµ + qµxα)
)
qβ
+
(
εν − qν
εx
qx
)(
gβµ −
1
qx
(qβxµ + qµxβ)
)
qα
]
×
∫
Dαie
i(αq¯+vαg)qxT1(αi)
+
[(
εα − qα
εx
qx
)(
gµβ −
1
qx
(qµxβ + qβxµ)
)
qν
−
(
εα − qα
εx
qx
)(
gνβ −
1
qx
(qνxβ + qβxν)
)
qµ
−
(
εβ − qβ
εx
qx
)(
gµα −
1
qx
(qµxα + qαxµ)
)
qν
+
(
εβ − qβ
εx
qx
)(
gνα −
1
qx
(qνxα + qαxν)
)
qµ
]
×
∫
Dαie
i(αq¯+vαg)qxT2(αi)
+
1
qx
(qµxν − qνxµ)(εαqβ − εβqα)
∫
Dαie
i(αq¯+vαg)qxT3(αi)
+
1
qx
(qαxβ − qβxα)(εµqν − ενqµ)
∫
Dαie
i(αq¯+vαg)qxT4(αi)
}
,
where χ is the magnetic susceptibility of the quarks, ϕγ(u) is the leading twist 2, ψ
v(u),
ψa(u), A and V are the twist 3 and hγ(u), A, Ti (i = 1, 2, 3, 4) are the twist 4 photon
distribution amplitudes. The integral measure Dαi is defined as
Dαi =
∫ 1
0
dαg
∫ 1
0
dαq
∫ 1
0
dαq¯ δ(1− αg − αq − αq¯) . (A1)
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ϕ2 κ κ
+ ξ1 ξ
+
1 ξ2 ξ
+
2 f3γ (GeV
2) ωVγ ω
A
γ
0.0 0.2 0.0 0.4 0.0 0.3 0.0 (−4.0 ± 2.0) × 10−3 (3.8± 1.8) (−2.1± 1.0)
TABLE V. The values of the constant parameters entering into the distribution amplitudes at the
renormalization scale µ = 1 GeV .
The expressions of the photon DAs which we need in our calculations are [49]:
ϕγ(u)=6uu¯
[
1 + ϕ2(µ)C
3
2
2 (u− u¯)
]
,
ψv(u)=3[3(2u− 1)2 − 1] +
3
64
(15wVγ − 5w
A
γ )[3− 30(2u− 1)
2 + 35(2u− 1)4] ,
ψa(u)=[1− (2u− 1)2][5(2u− 1)2 − 1]
5
2
(
1 +
9
16
wVγ −
3
16
wAγ
)
,
A(αi)=360αqαq¯α
2
g
[
1 + wAγ
1
2
(7αg − 3)
]
,
V(αi)=540w
V
γ (αq − αq¯)αqαq¯α
2
g ,
hγ(u)=−10(1 + 2κ
+)C
1
2
2 (u− u¯) ,
A(u)=40u2u¯2(3κ− κ+ + 1) + 8(ζ+2 − 3ζ2)[uu¯(2 + 13uu¯) + 2u
3(10− 15u+ 6u2) ln(u)
+2u¯3(10− 15u¯+ 6u¯2) ln(u¯)] ,
T1(αi)=−120(3ζ2 + ζ
+
2 )(αq¯ − αq)αq¯αqαg ,
T2(αi)=30α
2
g(αq¯ − αq)[(κ− κ
+) + (ζ1 − ζ
+
1 )(1− 2αg) + ζ2(3− 4αg)] ,
T3(αi)=−120(3ζ2 − ζ
+
2 )(αq¯ − αq)αq¯αqαg ,
T4(αi)=30α
2
g(αq¯ − αq)[(κ+ κ
+) + (ζ1 + ζ
+
1 )(1− 2αg) + ζ2(3− 4αg)] ,
S(αi)=30α
2
g{(κ+ κ
+)(1− αg) + (ζ1 + ζ
+
1 )(1− αg)(1− 2αg)
+ζ2[3(αq¯ − αq)
2 − αg(1− αg)]} ,
S˜(αi)=−30α
2
g{(κ− κ
+)(1− αg) + (ζ1 − ζ
+
1 )(1− αg)(1− 2αg)
+ζ2[3(αq¯ − αq)
2 − αg(1− αg)]}, (A2)
where Cmn is the Gegenbauer polynomial. The constants entering the above DAs are adapted
from [49] and their values are given in Table V.
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Appendix B: Explicit expressions of the invariant functions
In this Appendix, we present the explicit expressions of the invariant functions Π
(±)
1 , Π
(±)
2 ,
and Π
(±)
3 .
a. Coefficient of the (ε·p)pµpν structure
Π
(±)
1 = −
1
π2
[
3(eQ − eq)m
4
QM
2(I3 −m
2
QI4)
]
−
e−m
2
b
/M2
24π2M2
[
48π2eQmq〈q¯q〉+ e
m2
b
/M2eq〈g
2
sG
2〉m2QI2)
]
+
e−m
2
b
/M2
3M4
eQm
2
0mq〈q¯q〉+
e−m
2
b
/M2
3M6
eQm
2
0m
2
Qmq〈q¯q〉 .
(B1)
b. Coefficient of the (ε·p)pνqµ structure
Π
(±)
2 = −
3
4π2
m2QM
2
[
eQI2 + (eQ − 3eq)m
2
QI3 − 2(eQ − eq)m
4
QI4
]
−
e−m
2
b
/M2
96π2M2
[
eq〈g
2
sG
2〉+ 144eQmqπ
2〈q¯q〉+ 2em
2
b
/M2eq〈g
2
sG
2〉m2QI2
]
±
e−m
2
b
/M2
M2
[
2eqmQ〈q¯q〉j˜2(hγ)
]
+
e−m
2
b
/M2
6M4
eQm
2
0mq〈q¯q〉
+
e−m
2
b
/M2
144M6
mQ
{
36eQm
2
0mQmq〈q¯q〉+ eq〈g
2
sG
2〉
[
± 12〈q¯q〉j˜2(hγ)
+ f3γmQ
(
4j˜1(ψ
v) + ψa(u0)
)]}
∓
e−m
2
b
/M2
36M8
eq〈g
2
sG
2〉m3Q〈q¯q〉j˜2(hγ)
−
e−m
2
b
/M2
2
eqf3γ
[
4j˜1(ψ
v) + ψa(u0)
]
.
(B2)
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c. Coefficient of the (ε·p)qµqν structure
Π
(±)
3 = −
1
4π2
[
3(eQ − eq)m
4
QM
2(I3 −m
2
QI4)
]
−
e−m
2
b
/M2
96M2π2
{
48eQmqπ
2〈q¯q〉+ em
2
b
/M2eq〈g
2
sG
2〉m2QI2
± 384eqmQπ
2〈q¯q〉
[
i′1(T1, 1) + i
′
1(T2, 1)− i
′
1(T3, 1)− i
′
1(T4, 1)
]}
+
e−m
2
b
/M2
12M4
eQm
2
0mq〈q¯q〉+
e−m
2
b
/M2
36M6
{
m2Q
[
3eQm
2
0mq〈q¯q〉+ eqf3γ〈g
2
sG
2〉j˜1(ψ
v)
]}
+ e−m
2
b
/M2
{
2eqf3γ
[
2i2(V, v) + i
′
2(A, 1)− i
′
2(V, 1)− j˜1(ψ
v)
]}
.
(B3)
where
In =
∫ s0
m2
b
ds
e−s/M
2
sn
,
i1(φ, f(v))=
∫
Dαi
∫ 1
0
dvφ(αq¯, αq, αg)f(v)θ(k − u0) ,
i2(φ, f(v))=
∫
Dαi
∫ 1
0
dvφ(αq¯, αq, αg)f(v)δ(k − u0) ,
i′1(φ, f(v))=
∫
Dαi
∫ 1
0
dvφ(αq¯, αq, αg)f(v)θ(k
′ − u0) ,
i′2(φ, f(v))=
∫
Dαi
∫ 1
0
dvφ(αq¯, αq, αg)f(v)δ(k
′ − u0) ,
j˜1(f(u))=
∫ 1
u0
duf(u) ,
j˜2(f(u))=
∫ 1
u0
du(u− u0)f(u) ,
and,
k = αq + αgv, k
′ = αq + αg(1− v), M
2 =
M21M
2
2
M21 +M
2
2
, u0 =
M21
M21 +M
2
2
.
In calculations, we take M21 = M
2
2 since the initial and final state mesons are same, hence
u0 =
1
2
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